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Invariance of quantum correlations under local channel for a bipartite quantum state. 
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We show that the quantum discord and the measurement induced non-locality (MiN) in a bipartite 
quantum state is invariant under the action of a local quantum channel if and only if the channel is 
invertible. In particular, these quantities are invariant under a local unitary channel. 
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Introduction : The characterization and quantification of quantum correlations in multipartite 
quantum systems is a fundamental problem facing quantum information theory [TMH(] . Two principal 
approaches regarding quantum correlations consist of entanglement separability paradigm and the 
quantum- versus classical paradigm 0-23]. In the last decade the later approach generated intense 



! research activity, as it was found that quantum correlations involved in separable states play a crucial 
\ role in some applications (23-[26j . In the quantum vs. classical paradigm, the quantum correlations 
form the part of total correlations which arise over and above the classical correlations implied by 
i — r a multipartite quantum state. Such quantum correlations are characterized by quantum discord 
(QD) 0] , measurement induced non-locality (MiN) jEJ, quantum deficit [30| etc. Thes e q uantum 
correlations can be a resource for a number of quantum information applications 0, 0, 1271-29]. In 



this context it becomes important to understand the dynamics of these quantum correlations under 



local noise (local quantum operations). 

The problem addressed here is the relation of the local quantum operation on a part of a bipartite 
system in a given state with the resulting change in quantum correlations as the state changes under 
7— 1 ■ such local operations with the possibility of changing quantum discord, especially with the possibility 
of transforming a zero discord state to a non-zero discord state under local quantum operations. For 
two qubit case it is shown that the qubit channel that preserves commutativity is either unital i.e. 
mapping maximal mixed state to maximal mixed state, or a completely decohering channel that 
nullifies QD in that state [3lJ. For m x 3 system, it is shown that a channel acting on a second 
subsystem cannot create QD for zero QD states if and only if it is either a completely decohering 
channel or an isotropic channel j32|.It was further proved that a channel A transforms a zero QD 
state to zero QD state if and only if A preserves commutativity 32|, |33|]. The exact forms of unital 
channel for qubit system and that for the completely decohring channel for any system are also 
! obtained (33 |. 

In this brief report we obtain condition on the local channel operating on any bipartite system to 
preserve quantum correlations, namely the quantum discord and the MiN. This result is completely 
general and applies to any bipartite state. 

Main results: Our idea is to express the mutual information I(p) and the classical correlations 
Ca,b(p) (defined below) in a bipartite state p in terms of the relative entropy involving two states p 
and a given by 

S(p\\a) = -S(p)-tr(p\oga) 
where S(p) is the von-Neumann entropy of the state p. We then seek condition on the local quantum 



* Electronic address: alisaif73@gmail.com 



' Electronic address 



pramod@physics.unipunc.ac.in 



operation so as to preserve I(p) and Ca,b(p) expressed in terms of the relative entropy. We need 
the following 

Theorem 1 (Petz [35|, [36[) : For states p and a and a local quantum operation T 

S(p\\a) = S(Tp\\Ta) 
if and only if there exists a local quantum operation T such that 

TTp = p ; TTa = a 
We now state and prove the main results. 

Lemma 1 : Let pab be a bipartite quantum state, A a : pa 1 — > A a p^ ; A& : pB 1 — > Mpb be 
local quantum operations and pa,b = tfB,APAB ■ Then 

/((A*® A fe )pAs) = /(pab) 

if and only if there exist quantum operations A* b : pa,b 1 — ► A* b pA,B such that 

(A* <g> A*)(A a ® A 6 )p^ B = 

and 

(A* <g> A^)(A a ® A 6 )p A ® p B = p A ® Pb- 

Here J(p) is the quantum mutual information in the state pab- 
Proof : We use the definition of the quantum mutual information via relative entropy, namely, 

I{Pab) = S{pab\\pa® Pb) 

where S(p) is the von-Neumann entropy of the state p. Then the result is immediate from Theorem 
1. We just have to replace p by pab, o~ by pA <8> Pb and the quantum operation T by A a £g> A&. ■ 

Next we obtain the conditions on the map (A a ® A&) which leave the classical correlations in a 
bipartite quantum state pab unchanged. Classical correlations in a bipartite quantum state pab, 
with a POVM measurement defined by the set of positive operators {Ajv4j} ({BjBi}) carried out 
on part A(B) can be expressed as [4| 

C a ,b{pab)= max [S(pb,a - Vp*>S(p B A )] = max J2piS(p B ,A\\pB,A) (1) 

{AtAiUBjBi} <-f {At Ai}, {BjBi} i 

where p l B A = trA,BP % is the reduced density operator of the density operator p l prepared by the 
POVM measurement {Ajylj}, {BjBi} after zth outcome. 

Lemma 2 : Let pab be a bipartite quantum state and A a> 6 : pa,b 1 — > ^ a ,bPA,B be the local 
quantum operations where pa,b = trs,APAB- Then 

Ca,b{{K ® M)pab) = C a ,b(pab) 

if and only if there exist local quantum operations A* b : pa,b 1 — > A* b pA,B such that 

(A* g> A*)(A a ® A b )p A B = Pab, 

and 

(A* <g> A* b )(A a ® A fe )p A ® pb = Pa ® Pb- 
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Here Ca,b{p) denote the classical correlations in the state p as defined in Eq.(JTJ). 

Proof : Note that pab and hence pa and ps are arbitrary density operators so that the domain 
and the range of A and A* cover the corresponding set of all density operators. In particular, for 
the states p BA occurring in Eq. (JTJ Al a A b ^ a (p l B A ) = p BA and similarly for Pb,a- The result follows 
because by theorem 1 each term in the sum defining Ca,b{pab) (Eq.flTJ) is invariant under the action 
of the local channels A a and A b as defined in the statement of the lemma. Hence the maxima over 
the corresponding POVMs {A^A*}, {BjBi} are also invariant. ■ 

Theorem 2 : Let pab be a bipartite quantum state and A a ^ b ■ Pa,b 1 — > ^ a ,bPA,B be the local 
quantum operations where pa,b = ^b.aPab- Then 

D a ,b{{K ® k h )p AB ) = D a ,b(pab) 

if and only if there exist local quantum operations A* b : pA >B 1 — > A* b pA,B such that 

(A* ® A*)(A a ® K)pab = Pab- 

and 

(A* <8) A*)(A a ® A b )p A ®Pb = Pa®Pb- 

Here Da,b(pab) = I(Pab) — Ca,b(pab) denote the quantum discord in the state pab- We also 
assume that the domain and the range of all the local maps cover the corresponding set of all 
density operators. 

Proof : The result follows immediately from lemma 1 and lemma 2. ■ 

Note that a particular non-invertible local map may preserve discord of a particular state by 
reducing I(pab) and Ca,b{pab) by the same amount. Further, any local channel which decreases 
the discord will preserve the discord in a zero discord state. 

In ref. [32| it is shown that a separable bipartite state 

p = ^ J v l p a i ®p b l 

i 

is a zero discord (classical quantum) state if and only if [p\, pj] =0. Obviously, such a zero discord 
state will remain a zero discord state under the action of a local channel A fe acting on the B part if and 
only if [A b p^, A b p l j] = 0. Now [p\, p h A = implies that p\ and p b project on orthogonal subspaces. Thus 
A b preserves the orthogonality and hence I £g> A b can be invertible on the space of density operators 
pertaining to the whole bipartite system. However, if A b satisfies [A b p b ,A b p b ] = for all p b ,p b then 
it maps the space of all density operators (acting on part B) into the subspace of commuting density 
operators and cannot be inverted. Indeed, such a map, called completely decohering map, destroys 
discord in any discordant state [37j . 

Next we deal with the invariance of MiN of a bipartite quantum system under the action of a local 
channel. We adopt the definition of MiN based on the quantum mutual information, namely, j38| 

N(pab) = I(pab) - min/[{n a }(p^)], (2) 
{rp} 

where I(pab) is the quantum mutual information and the minimum is taken over the local von- 
Neumann measurements leaving the reduced density operator pa invariant. 

Theorem 3 : Let pab be a bipartite quantum state and A a fe : p A<B i — > A a>b pA ; B be the local 
quantum operations where pa,b = ^ t b,aPab- Then 



N a ,b(( a * ® A b)pAB) = N a ,b(Pab) 
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if and only if there exist local quantum operations A* b : pa,b 1 — > A* b pA,B such that 

(A* ® A*)(A a ® A b )p AB = 

and 

(A* <8) A 6 *)(A a ® A fe )p A ® p B = p A ® p B . 

Here Na,b(pab) = I(pab) — rnin/ n a,n /[IP'^/^b)] denote the measurement induced non-locality 
(MiN) in the state pab- We also assume that the domain and the range of all the local maps cover 
the corresponding set of all density operators. 

Proof : By lemma 1 both the terms defining Na,b(pab) are invariant under the action of the 
local maps defined in the statement of the theorem. In particular, the second term I(U a,b (pAB)) is 
invariant for all U a,b . Hence the minimum in the second term is invariant and the result follows. ■ 

The most useful invariant local quantum channels are the local unitary operators p i — > U pW and 
the anti-unitary operator = UK, U unitary and K the conjugation operator p i — > UKpKU^ 
[3^]. However, the anti-unitary operator, which corresponds to the time-reversal is unphysical if 
applied to a part of a quantum system. Therefore, the anti-unitary local operators must act on both 
parts of the system. Thus we have shown, in particular, that the local unitary channel preserves 
quantum discord and measurement induced non- locality (the quantum version defined in Eq.flSJ)) for 
a bipartite quantum system. Finally, it will be interesting to search for the characteristics of local 
channels which increase discord in (possibly some class of) bipartite quantum states with non-zero 
discord. 
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